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Abstract
The size-dependent saturation magnetization Ms(D) of ferromagnetic and
ferrimagnetic nanocrystals at room temperature, without free parameters,
has been predicted in terms of a size-dependent cohesive energy model,
where D denotes the diameter of nanoparticles or the thickness of thin films.
The given Ms(D) functions, which are also a function of interface
conditions for substrate supported nanocrystals, drop as D decreases, which
correspond to the available experimental and theoretical results for
ferromagnetic Ni films, Fe, Co, Ni nanoparticles, and ferrimagnetic
γ -Fe2O3, Fe3O4, MnFe2O4 and CoFe2O4 nanoparticles.

1. Introduction

During the past decades, the design, preparation and
characterization of magnetic materials of nanometre sized
scale have been of great interest [1–3]. Magnetic nanoparticles
with unique physical properties have high potential for
applications in diverse areas of high-density perpendicular
recording, colour imaging, ferrofluids, ultrahigh frequency
(300 MHz–3 GHz) devices, magnetic refrigeration and drug
carriers for site-specific drug delivery [4–6]. For instance,
manganese spinel ferrite MnFe2O4 nanoparticles could be
used for contrast enhancement agents in magnetic resonance
imaging technology [7–10]. Cobalt ferrite CoFe2O4 is a
promising material in the production of isotropic permanent
magnets, magnetic recording and fluids because it has a very
high cubic magnetocrystalline anisotropy accompanied with a
reasonable saturation magnetization value Ms [11]. CoFe2O4

has a relatively large magnetic hysteresis in comparison with
the rest of the spinel ferrites [12]. Ferrimagnetic particles,
such as maghemite γ -Fe2O3, may be applied in magnetic
recording media and ferrofluids. Magnetic nanoparticles
usually have a single domain magnetic structure and exhibit
unique phenomena such as superparamagnetism and quantum
tunnelling of magnetization. Studying these properties of

1 Author to whom any correspondence should be addressed.

nanocrystals provides opportunities to understand magnetic
properties at an atomic level without interference from
complicated domain wall movements, especially to discuss
size-dependent magnetic properties.

Ms, defined as the maximum of the magnetization value
achieved in a sufficiently large magnetic field, is one of
the most important and controversial properties of magnetic
nanocrystals. Ms is a function of measuring temperature T .
It is found that the magnetic moments of Co and Ni clusters
are higher than the corresponding bulk values at zero Kelvin
while they decrease between 82 and 267 K [13, 14]. The
size-enhanced Ms at low temperature can be attributed to the
localized charges that are trapped by the deepened potential
well of the lower-coordinated atoms in the relaxed surface
region [15, 16].

Ms at room temperature decreases sharply with decreasing
crystalline size D, which was first pointed out by Berkowitz
and co-workers in the late sixties [17]. A number of
outstanding theories have been developed to explain the
unusual behaviour of ferromagnetic nanocrystals. A random
canting of the particles surface spins caused by competing
antiferromagnetic exchange interactions at the surface was
first proposed by Coey to explain this reduction [18]. Since
then, the problem has been revisited with arguments in
favour of a surface origin [19] and in favour of a finite size
effect [20]. However, no clear conclusions about it have
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been given yet [2]. Recently, Kodama et al proposed a
disordered surface spin structure model to illustrate the low
saturation magnetization of NiFe2O4 nanoparticles [21], while
Mamiya et al attributed the low saturation magnetization
of iron nitride ε-Fe3N nanoparticles to dipolar inter-particle
interactions [22]. In addition, when a core-shell structure
is assumed where the shell layer (non-magnetic layer) has a
constant thickness t and has lower Ms than the corresponding
bulk one Ms0 [7], Tang et al derived an empirical relation for
size-dependent saturation magnetization Ms(D) [7],

Ms(D)/Ms0 = 1 − 6t/D. (1)

Although t in equation (1) is a fitting parameter from the
experiments, any attempt to theoretically determine it is rare.

Most recently, Ms(D) suppression at room temperature
is also interpreted as a result of the Curie temperature Tc

suppression in the surface region [16]. By incorporating the
bond order–length–strength (BOLS) correlation mechanism
into the Ising convention and the Brillouin function, Zhong et al
developed a model to examine the size, shape, structure and
temperature dependences of Ms of ferromagnetic nanosolids
in a unified form, which corresponds directly to the decrease
of the atoms’ cohesive energy due to the coordination number
imperfection of atoms near the surface edge [16,23]. In terms
of BOLS correlation, at mid-T region (kBT/Jexc ∼ 6 with kB

and Jexc denoting the Boltzmann constant and the exchange
strength), Ms(D, T ) can be written as [16, 23]

�Ms(D, T )

Ms0(T )
= α(J, T )

�Eexc(D)

Eexc0
, (2)

where parameter α(J, T ) depends on T and the mean angular
momentum J of the solid of interest, Eexc is the exchange
energy with the subscript 0 denoting bulk size, and � shows
the difference. In reality, reducing particle size enhances the
value of J due to the contribution from the charge localization,
which suggests taking responsibility of Ms enhancement at
a very low temperature [23]. However, the size effect on J

becomes insignificant compared with that of Eexc at room
temperature where Eexc dominates the magnetic behaviour.
Thus, α(J, T = 300 K) can be taken as a constant, which has
been determined as about four for ferromagnetic nanosolids
[23]. Using this equation, good agreement between predictions
and experimental or Monte Carlo simulations results for a
number of specimens was shown [16, 23].

All these models developed from various perspectives
can attribute significantly to the understanding of Ms(D)

suppression at room temperature. However, the existence of
the fitting parameter t in equation (1) degrades its theoretical
meaning. Moreover, the substrate effects for thin films are also
neglected in the abovementioned theories while nanosolids are
usually located on a substrate. Thus, consistent insight and a
unified Ms(D) function of ferromagnetic and ferrimagnetic
nanocrystals considering both size and substrate effects are
highly desirable.

Because α(J, T ) in equation (2) is a very complicated
function of J [23] while J can be assumed to be independent
of D at room temperature as stated above, in this contribution,
Ms(D) suppression of ferromagnetic and ferrimagnetic
nanocrystals at room temperature is considered.

2. Method

In terms of the BOLS correlation and the Ising model, both
Tc and Ms are determined by Eexc(T ), which is the sum of a
portion of the cohesive energy Ecoh and the thermal vibration
energy Ev(T ) [24, 25], e.g. Eexc(D, T ) = AEcoh(D) +
Ev(T ) with A being a coefficient. Based on the mean field
approximation and Einstein’s relation, Ev(T ) = kBT [25]. On
the other hand, Ev(T ) required for disordering the exchange
interaction is a portion of Ecoh when T = Tc [25]. Thus,
Ev(T = 300 K) should also be proportional to Ecoh. Under
the consideration that the above energetic relationship remains
even when D → ∞, then [25]

Eexc(D)/Eexc0 = Ecoh(D)/Ecoh0. (3)

Note that T does not appear in equation (3) because the
concerned temperature in this work has been fixed as the room
temperature.

Ecoh(D) function has been established to have the
following form [26]:

Ecoh(D)

Ecoh0
=

[
1 − 1

(D/D0) − 1

]
exp

[
−2Sb

3R

1

(D/D0) − 1

]
,

(4)

where Sb = Hv/Tb is the bulk solid-vapour transition entropy
of crystals with Hv and Tb being the bulk solid-vapour
transition enthalpy and the solid-vapour transition temperature,
respectively, and R denoting the ideal gas constant. D0 denotes
a critical diameter where Ecoh(2D0) = 0, namely, the structure
of the solid and the vapour is indistinguishable. Accordingly,
we have

D0 = ch/2, (5)

where h is the atomic or molecular diameter. The constant
c (0 < c � 1) shows the normalized surface area where
c = 1 for low-dimensional materials with free surfaces [26]. If
the low-dimensional crystals have interfaces where the atomic
potential differs significantly from that of surface atoms, c

varies somewhat [27]. For thin films on inert substrates, the
chemical interactions between the films and the substrates
are Van der Vaals forces while the inner interactions of the
films are metallic bonds for metallic thin films or covalent
bonds for ceramic thin films. Since the potentials of the
Van der Vaals forces are much weaker than metallic or covalent
bonds and may be neglected, c = 1 for this kind of interface
condition and the substrate effects can be neglected, while for
metallic films on substrates consisting of metallic or covalent
bonds, the interactions between the films and the substrates
are comparable with the internal interactions of the films. This
case is similar to that where one of the two surfaces of the films
disappears and thus c = 1/2 (the side surfaces of the thin films
are neglected due to the small thickness/area ratio of the films).
For more complicated interfaces, c may have other values and
could be considered case by case.

It is evident in terms of equation (4) that Ecoh(D)/Ecoh0

decreases with a decrease in D, which reflects the instability
of nanocrystals in comparison with the corresponding bulk
crystals. This trend is expected since the surface/volume
ratio increases with decreasing size while the surface atoms
have lower-coordination numbers and thus higher energetic
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states, and consequently Ecoh(D) increases (the absolute value
decreases) [26]. Equation (4) has recently been extended to
other cases and its validity is confirmed by experimental results
with satisfied consistency [28–30].

Substituting equations (3) and (4) into equation (2), it
reads,

Ms(D)

Ms0
= 4

{
1 − 1

2D/(ch) − 1

}

× exp

{
−2Sb

3R

1

2D/(ch) − 1

}
− 3. (6)

3. Results

Figure 1 shows a comparison ofMs(D)/Ms0 functions between
the model predictions in terms of equation (6) and the
corresponding experimental results for ferromagnetic Fe, Co,
and Ni metallic nanoparticles measured by Gong et al [31],
where the related parameters are listed in table 1. For Fe
and Ni nanoparticles, the differences between equation (6) and
the corresponding experimental results are smaller than 10%,
while for Co, the difference is very large when D < 30 nm
and the reason may be related to the structural transformation
from a hexagonal closed-packed (hcp) structure in the bulk to
a face-centred cubic (fcc) one in nanometre size [31]. Since
c = 1 is taken from figure 1, the decrease in size leads to the
strongest drop of Ms(D) in terms of equation (6).

Figure 1. Ms(D)/Ms0 as a function of D for (a) Fe, (b) Co and (c)
Ni ferromagnetic nanoparticles. The solid lines are plotted in terms
of equation (6) with c = 1 where the symbols ��, ◦ and � denote the
experimental results [31].

Table 1. Necessary parameters employed in equation (6) noted that the superscripts denote the numbers of references.

Ms0 Hv Tb Sb h

(emu g−1) (kJ g−1 atom−1) (K) (J g−1 atom−1 K−1) (nm)

Fe 171 [31] 347 [42] 3134 [42] 110.7 0.2482 [42]
Co 143 [31] 375 [42] 3200 [42] 117.2 0.2506 [42]
Ni 48.5 [31] 378 [42] 3186 [42] 118.6 0.2492 [42]
γ -Fe2O3 76.0 [17] 13Ra 0.1850 [39]
Fe3O4 92 [35] 13Ra 0.1890 [43]
MnFe2O4 80 [7] 13Ra 0.2293 [8]
CoFe2O4 75 [12] 13Ra 0.2264 [12]

a Since the Hv and Tb values of compounds are unavailable, Sb ≈ 13R is employed here as a first order approximation,
which is equal to that of the average value of the most elements (70–150 J g−1 atom−1 K−1) [25, 42].

It is known that the disordered structure at the interfaces
provides less magnetic moment per unit mass than that of the
ferromagnetic core regions, which leads to a decrease in Ms

[32]. In contrast with free nanoparticles, where c = 1, c = 1/2
for the films when the interaction between the surface of the
films and the substrate is comparable with the inner interaction
of films, Ms(D) suppression of this kind of films will be much
weaker than that of free nanoparticles in terms of equation (6)
when other parameters are the same.

Figure 2 compares the Ms(D)/Ms0 function among the
model predictions in terms of equation (6) (the solid line), other
theoretical results by Zhong et al in terms of equation (2) (two-
point-segment line) [23] and the corresponding experimental
data for Ni films deposited on the glass substrates and on
the Si (1 0 0) substrates [33, 34]. It is obvious that the
predictions of equation (6) correspond to that of equation (2)
with the difference being smaller than 5%. Note that
the experimental results (open triangle) show an oscillation
behaviour when D is in the range 10–40 nm [33]. Although
this was considered to originate from the extraordinary Hall
coefficient [33], the Monte Carlo simulations indicated that
this abnormal behaviour occurs only in smaller clusters at
low temperature [16]. Thus, the deviation from this result
and equation (6) at 10 < D < 40 nm does not reduce
the correctness of equation (6). On the other hand, the
experimental Ms(D) values of films with D � 10 nm deduced
from the magnetic field dependence of the Hall voltage [33]
and another experimental result [34] correspond to the model
predictions within a deviation of 15%.

A comparison between equation (6) and the corresponding
experimental results for Ms(D)/Ms0 of ferrimagnetic oxides
γ -Fe2O3 [17], Fe3O4 [35–37], CoFe2O4 [11,12] and MnFe2O4

[7, 9, 10] nanoparticles is shown in figure 3. As shown
in the figure, the model predictions for γ -Fe2O3, CoFe2O4

and MnFe2O4 are in agreement with experimental results
within a difference of 12%, while for Fe3O4, this difference
with the corresponding experimental result (shown as �)
[35] is only 2%. Although this deviation for another
experimental result (shown as ◦) [36] is 20%, the calculated
particle size of 6 nm is smaller than 9 nm observed from
the transmission electron microscopic (TEM) measurement
[36]. If the latter is employed, the difference reduces to
10%. The two experimental results (shown as �) measured
by Amulevicius et al [37] give large distinctness of 45% from
equation (6) while one result at D = 9.5 nm shows perfect
agreement with the model prediction. The sharp drop in
Ms(D) reflected in the experimental results [37] is surprising
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in contrast to those in other oxides, and the reason remains
unknown.

Other theoretical predictions for γ -Fe2O3 and MnFe2O4

in terms of equation (1) with t = 0.57 or 0.60 for the
former [2, 17] and 0.60 or 0.70 for the latter [7, 10] are
also shown in figure 3 for comparison (because the fitting
parameters t of Fe3O4 and CoFe2O4 are unavailable to us,
similar comparisons are not given for these two oxides). Note
that in figure 3(a) the plots in terms of equation (1) with
t = 0.57 and 0.60 nearly overlap each other; Similarly,
in figure 3(d), the broken line with t = 0.60 overlaps the
solid line by equation (6). Generally, the difference between
equations (1) and (6) is smaller than 8%. As we know, these
oxides have a collinear ferromagnetic spin structure, which
originates from the pinning of the surface spins [21]. The
decrease in the saturation magnetization can also be explained

Figure 2. Ms(D)/Ms0 function of ferromagnetic Ni films. The solid
line and two-point-segment line are, respectively, determined by
equation (6) with c = 1/2 and equation (2) where the symbols ◦ and
� denote the experimental results for Ni films deposited on glass
substrates and Si (1 0 0) substrates [33, 34].

Figure 3. Ms(D)/Ms0 as a function of D for (a) γ -Fe2O3, (b) Fe3O4 (c) CoFe2O4 and (d) MnFe2O4 ferrimagnetic nanoparticles. The solid
lines are determined by equation (6) with c = 1 while the two-point-segment lines in (a) and (d) are plotted based on equation (1) with
t = 0.57 or 0.60 for γ -Fe2O3 [2,17] and 0.6 or 0.7 for MnFe2O4 [7,10]. The symbols 	, ♦, �, �, •, 
, �, ◦ and �� denote the experimental
results [7, 9–12, 35–37].

in terms of its non-collinear spin arrangement at or near the
surface of the particle [21]. Such a non-collinear structure
attributed to a surface effect will be more pronounced for the
smaller particle size.

4. Discussion

Considering a mathematical relation of exp(−x) ≈ 1−x when
x is small enough as a first order approximation, equation (6)
can be rewritten as,

Ms(D)/Ms0 ≈ 1 − ch[2 + 4Sb/(3R)]/D. (7)

The agreements between the model predictions, available
experimentally or other theoretical results of Ms(D)/Ms0 for
ferromagnetic and ferrimagnetic nanocrystals as shown in
figures 1–3, indicate that the drop of Ms(D) is essentially
induced by the increase in the surface–volume ratio, which
is the same as the size dependence of any thermodynamic
amount [26]. However, as the size of the nanocrystals
further decreases to the size being comparable with the atomic
or molecular diameter, namely about several nanometres,
the difference between equations (6) and (7) becomes
evident.

Let equation (7) be equal to zero, or Ms(Dcrit) = 0, where
Dcrit denotes the critical diameter or thickness. Then

Dcrit ≈ ch[2 + 4Sb/(3R)]. (8)

Taking the related parameters from table 1 with c = 1/2
for the Ni film and 1 for γ -Fe2O3 and MnFe2O4 nanoparticles,
Dcrit ≈ 2.62, 3.58 and 3.65 nm in terms of equation (8), which
correspond to 2.50 nm for the Ni film [23], 3.42 or 3.60 nm
for γ -Fe2O3 and 3.60 or 4.20 nm for MnFe2O4 in terms of
equation (1) with corresponding t values.
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Figure 4. t (D) functions of several ferromagnetic and ferrimagnetic
nanocrystals where all the curves are plotted in terms of equation (8).

Moreover, by comparing equation (1) with equation (6),
the fitting parameter t can be determined as

t (D) = 2D

3

{
1 −

[
1 − 1

2D/(ch) − 1

]

×exp

[
−2Sb

3R

1

2D/(ch) − 1

]}
. (9)

According to equation (9), t being size dependent is related
to four parameters of c, h, Sb and D. When c, h and Sb

are certain, t increases with increasing size and approaches
a limited value tmax, as shown in figure 4 for the materials
concerned here. However, this trend is contrary to that for Ni
nanoparticles at low temperature (5 K) where the dead layer
thickness decreases from 1.83 to 0.76 nm when D increases
from 22 to 59 nm [38]. This difference possibly originates from
the different temperature range and from the effect of J . As
mentioned above, although the size effect ofJ onMs at ambient
temperature can be neglected [23], when the temperature is
very low, e.g. 5 K, this neglect will lead to error. Accordingly,
equation (9) is invalid at a very low temperature.

Combining the expression exp(−x) ≈ 1 − x and
equation (9), tmax is determined as

tmax ≈ ch[1 + 2Sb/(3R)]/3. (10)

For a given nanocrystal, the values of Sb and h are certain
and tmax is thus directly proportional to c. Thus, the Ms(D)

suppression of nanoparticles (c = 1) is larger than that of
thin films having strong interactions with substrates (c = 1/2)
in terms of equation (7). For instance, Ms(D)/Ms0 of Ni
nanocrystals is about 0.58 withD ≈ 5.5 nm [31] while it is 0.59
for a Ni film on a Si (1 0 0) substrate with D ≈ 11 nm [34], as
shown in figures 1 and 2, respectively. The strong interaction
between films and substrates diminishes the surface effect on
Ms. Similar effects on glass transition temperature and Curie
transition temperature of thin films have also been observed
[25, 27].

As shown in figure 4, the t (D) function is a strong one
only when D < 2 nm. Since 5 nm < D < 200 nm for the
studied nanocrystals as shown in figures 1–3, substituting tmax

for t (D) is also applicable as a first order approximation. In
terms of equation (10) and the data listed in table 1, the tmax

values of γ -Fe2O3 and MnFe2O4 nanoparticles with c = 1 are

determined to be about 0.59 and 0.74 nm, which, respectively,
correspond to the fitting results of 0.57 ± 0.2 or 0.60 for
the former [2, 17] and 0.60 or 0.70 for the latter [7, 10].
These agreements in reverse confirm the validity of equation
(6). Moreover, the thickness of the non-magnetic layer is
about the lattice constant of γ -Fe2O3 (∼0.83 nm) or MnFe2O4

(∼0.85 nm) [6, 39], which implies that the magnetic nature of
the first crystalline layer of the particles is destroyed by the
surface or surface adsorption.

Although α(J, T = 300 K) ≈ 4 in equation (2)
was originally determined for ferromagnetic nanosolids, the
agreement shown in figure 3 implies that it is also applicable
for ferrimagnetic nanocrystals as a first order approximation
even if the necessary parameters to determine α(J, T =
300 K) of ferrimagnetic nanocrystals, e.g. J and Ecoh, etc, are
unavailable. The reason for this sameness is unknown.

Similarly to the relationship between Ms(D) and Eexc(D)

or Ecoh(D), Tc(D) has been determined as [16, 23–25]

�Tc(D)/Tc0 = �Eexc(D)/Eexc0 = �Ecoh(D)/Ecoh0. (11)

In terms of equations (2) and (11) we have

�Ms(D)/Ms0 = 4�Tc(D)/Tc0 or

Ms(D)/Ms0 = 4Tc(D)/Tc0 − 3. (12)

Equation (12) indicates that the suppression of Ms(D) at
room temperature is about four times that of Tc(D). This can be
qualitatively explained as follows: On one hand, the absolute
value of Ecoh(D) drops due to the increase in the portion of the
lower-coordination atoms in nanocrystals, which leads to the
weakening of inter-spin interaction and thus the suppression
of Ms(D) [23]; On the other hand, with rising temperature,
increased thermal vibrations tend to counteract the dipole
coupling forces in ferromagnetic and ferrimagnetic materials.
Consequently, Ms gradually diminishes with increasing T .
Since Ms drops to near zero up to Tc [40], Ms seems to be
proportional to (Tc/T − 1)β where β denotes an exponent.
In fact, a similar expression of Ms ∝ (Tc/T − 1)1/2 for the
ferromagnetic case with J = 1/2 has been found by Burns
[41]. Because Tc decreases with size while the concerned
temperature here has been fixed at room temperature, both
Tc/T and Ms reduce. In other words, the effect of decreasing
size is equivalent to that of rising temperature. Thus, both
effects bring out a stronger suppression of Ms(D) than that of
Tc(D) at room temperature where the latter is only induced by
reducing size.

5. Conclusions

In summary, the original size-dependent cohesive energy
model has been extended to establish a function for Ms

suppression of ferromagnetic and ferrimagnetic nanocrystals
at room temperature based on relationships among Ms, Ecoh

and Eexc. The model, without free parameters, predicts
that Ms reduces with size and Ms suppression of free
nanoparticles is stronger than that of thin films having
strong interactions with substrates. The model predictions
are in agreement with the available experimental and other
theoretical results for ferromagnetic Fe, Co, Ni nanoparticles,
Ni films and ferrimagnetic γ -Fe2O3, Fe3O4, MnFe2O4 and
CoFe2O4 nanoparticles.
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Together with previous findings of Tc suppression [25],
the work here indicates the essentiality of cohesive energy, or
equation (4), in describing the effects of size and interface on
the magnetic behaviours of ferromagnetic and ferrimagnetic
nanocrystals.
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